Zone-boundary phonons are described in a valence-force-field model and then converted into a continuum model. Only a mode with the highest frequency corresponding to a Kekulé-type distortion gives rise to inter-valley electron scattering between K and K' points. An effective Hamiltonian for this interaction is obtained and used for the estimation of inter-valley scattering in graphene and nanotubes.
§1. Introduction
The electron-phonon interaction plays important roles in various phenomena in graphene and carbon nanotubes. In a previous work, a continuum model of longwavelength acoustic phonons and an effective Hamiltonian for electron-phonon interactions were constructed.
1)
A similar continuum model was developed for longwavelength optical phonons near the Brillouin-zone center. 2, 3) The purpose of this paper is to develop a continuum model for zone-boundary phonons appropriate for studying effects of inter-valley electron scattering within an effective-mass or a k·p scheme.
In an effective-mass approximation, an electron in a graphite monolayer is described by Weyl's equation for a massless neutrino. 4, 5) Transport properties in such an exotic electronic structure are quite intriguing, and the conductivity with/without a magnetic field including the Hall effect, 6,7) the dynamical transport, 8) and quantum correction to the conductivity 9) were investigated theoretically. The results show that the system exhibits various characteristic behaviors different from conventional two-dimensional systems. 10) Quite recently, this single layer graphite was fabricated, 11) and the magnetotransport was measured including the integer quantum Hall effect, demonstrating the validity of the neutrino description of the electronic states. 12, 13) The graphene has become the subject of extensive experimental 14−24) and theoretical investigations.
3,25−41)
Carbon nanotubes, which are rolled graphene sheets, also exhibit interesting transport properties. In metallic nanotubes, in particular, the backward scattering is entirely suppressed for scatterers with potential range larger than the lattice constant and the conductance is quantized into 2e 2 /πh. 42, 43) This intriguing fact was related to Berry's phase acquired by a rotation in the wave-vector space. 44) When several bands are occupied, a perfectly conducting channel transmitting through the system without being scattered back is present. 45) Roles of special time-reversal symmetry and crossover due to symmetry breaking perturbations were discussed. 46−50) Metallic nanotubes are almost ballistic with a mean free path exceeding 1 μm even at room temperature.
1)
Experiments on the high-field transport in singlewall nanotubes were performed, demonstrating the importance of the scattering by optical phonons in limiting the ballistic behavior in strong electric fields. 51−53) There have been various theoretical calculations on interaction with optical phonons using tight-binding models 51−58) and LDA band-calculations. 59) However, these works have not provided a scheme suitable for calculations in the effective-mass formulation, giving direct physical insight into roles of zone-boundary phonons causing intervalley scattering.
In this paper, we shall start with a valence-forcefield model for phonons in graphene, derive a continuum model of zone-boundary phonons, and obtain an effective-mass Hamiltonian describing intervalley electron scattering. The paper is organized as follows: In §2 a very brief review is given on the derivation of an effective-mass equation from a nearest-neighbor tight-binding model and on a valence-force-field model. Phonon modes at zone boundaries are obtained and then an effective interaction Hamiltonian is derived. It is shown that only the mode with highest frequency contributes to the electron-phonon interaction. The relaxation time due to intervalley scattering by the zone-boundary phonon is estimated and compared with that due to zone-center phonons in graphene in §3 and in carbon nanotubes in §4. Effects of interaction on frequency and broadening of zone-boundary phonon are briefly discussed in §5. A short summary is given in §6. §2. Formulation
Effective-Mass Approximation
The structure of 2D graphite sheet or graphene is shown in Fig. 1 (a) . A unit cell contains two carbon atoms, which are denoted by A and B. In the coordinates system x y fixed onto the graphene, the primitive translation vectors are a = (1, 0)a and b = (−1/2, √ 3/2)a with lattice constant a = 0.246 nm. Three vectors connecting neighboring A and B atoms with bond length b = a/ √ 3 shown in Fig. 1 (a) are given by τ 1 = (0, 1/ √ 3)a, τ 2 =
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The first Brillouin zone is shown in Fig. 1 (b) . The wave vectors of the K and K' points are given by K = (2π/a)(1/3, 1/ √ 3) and K = (2π/a)(2/3, 0), respectively.
Although an effective-mass approximation or k·p scheme is more general, we shall start with a nearestneighbor tight-binding model to describe the π band where the Fermi level lies. Let ψ A (R A ) be the amplitude of the π orbital of an A atom at R A = n a a+n b b+τ 1 and ψ B (R B ) be that of a B atom at R B = n a a+n b b. Then, the equation of motion is given by
For states in the vicinity of the Fermi level ε = 0, the wavefunction is written as
3) in terms of the slowly-varying envelope functions
where η is a chiral angle as shown in Fig. 1 (a) and ω = exp(2πi/3). The envelope functions satisfy the Schrödinger equation
with σ x and σ y being Pauli spin matrices, and
A brief review on the derivation is given in Appendix A. Note that eq. (2.4) itself is quite general and not limited to the nearest-neighbor tight-binding model.
Valence-Force-Field Model
In a valence-force-field model, two kinds of interatomic forces are considered. 1, 54, 60) The first is the force associated with the change in the bond length. The corresponding potential energy becomes 6) where K 1 is the force constant and δb RB ,RB +τ l is the bond-length change for the bond between atoms at R B and R B +τ l . The phonon spectrum obtained by including K 1 was reported previously. 61, 35) The second is the force associated with the change in the bond angle. Let δθ lm (R B ) be the deviation of the bond angle determined by three neighboring atoms R B , R B +τ l , and R B +τ m from 2π/3. Then, the potential energy becomes
(2.7) where K 2 is the force constant and the summation is over (l, m) = (1, 2), (2, 3) , and (3, 1), i.e., over three angles around each atom.
Let us define 8) and the four-component vector
Then, the phonon equation of motion is written as 
with
12) and
H ba (q) = K 2 ⎛ ⎜ ⎝ h 4 (q) h 5 (q) * 6h 3 (q) −6h 2 (q) h 5 (q) h 6 (q) −6h 2 (q) 6h 1 (q) 6h 3 (q) * −6h 2 (q) * h 4 (q) h 5 (q) −6h 2 (q) * 6h 1 (q) * h 5 (q) * h 6 (q) ⎞ ⎟ ⎠,(2.
13) where
14)
15) 
Phonons at K' Point
At a K' point q = K , we have
The corresponding eigenfrequencies are 21) in the order of decreasing frequency. The corresponding eigenvectors are
The modes g = 2a and 2b are doubly degenerate. Therefore, we have to consider the correction of the Hamiltonian H (1) ph to the lowest order in the wave vector relative to the K' point. Taking the matrix elements of H (1) ph for modes g = 2a and 2b, we have the effective Hamiltonian
This shows that the modes g = 2 have a linear dispersion crossing at the K' point, analogous to the electron dispersion. The modes g = 1 and 3 have a quadratic dispersion at the K' point and therefore their q dependence can be safely neglected. Figure 2 shows a schematic illustration of phonon frequencies at the K' point. The Hamiltonian for q = −K is calculated as
This is related to that for q = K through 25) and the eigenvectors are 26) for g = 1, 2a, 2b, and 3.
Phonons at K point
The Hamiltonian at a K point q = K is calculated as 27) and the eigen vectors are
Because the point K is related to the point −K through the reciprocal lattice vector K+K , the displacements u A and u B should be the same within a common phase factor, i.e.,
(2.29) For the present choice of the coordinates system, this
The above relations (2.27) and (2.28) are certainly consistent with this requirement.
Zone-Boundary Phonon
In general, the lattice displacements are written as 31) where N is the total number of unit cells in the system and b g,q and b † g,q are the destruction and creation operators of a phonon with mode g and wave vector q. This can be separated into the contribution of q ∼ K and q ∼ −K as 
where q is limited to values satisfying |q| (2π/a) and
The lattice displacements can also be written as
Kekulé Distortion
The mode g = 1 with the highest frequency corresponds to a Kekulé-type distortion. In order to see this, we consider the corresponding lattice distortion explicitly. Let us first define
Then, we have
Then, in terms of an appropriate complex number α = |α|e iϕ , we have
Consider the sites R B = 0 and R A = τ 1 , τ 2 , and τ 3 . Then, we have
This shows that the displacements involve only the change in the bond length. The bond-length changes are
We have
independent of phase ϕ.
In a similar manner we can show that the bondlength changes around R B = a are given by those at (2)]. Further, the bond-length changes at R B = 2a are given by those at R B = a by the cyclic
Because e iK·3a = e iK ·3a = 1, the displacements at R B = 3a are the same as those at R B = 0. Further, the relations e iK·(2a+b) = e iK ·(2a+b) = 1 and e iK·(a+2b) = e iK ·(a+2b) = 1 show that the displacements at R B = −b are the same as those at R B = 2a and that the displacements at R B = −2b are the same as those at R B = a. In this way, we can demonstrate that these are Kekulé distortions reducing the Brillouin-zone area by a factor of three. The specific Kekulé distortion considered previously 62−64) corresponds to ϕ = ±π/2 and u 1 = ±|α|, where u 1 has been defined in ref. 62 .
Interaction Hamiltonian
In the presence of lattice displacement, the hopping integral between an atom at R A and an atom at
Similar expression is readily obtained for the hopping integral between an atom at R B and an atom at R B +τ l . Then, the effective-mass Hamiltonian in the presence of the displacement corresponding to phonons at the K and K' points can be calculated as described in Appendix A. The resulting Hamiltonian shows that only mode g = 1 contributes to the interaction. Let us define
and
where
Obviously, we have
Then, the Hamiltonian is given by
This interaction Hamiltonian has been obtained within the valence-force-field model and the nearestneighbor tight-binding model, but is expected to be much more general if β K is regarded as an appropriate parameter. For a uniform distortion α = Δ K (r) and α * = Δ K (r) , this Hamiltonian is equivalent to that derived previously within a phase factor, 62) which can be removed by an appropriate phase change of the wave function F K (r) and F K (r) or of Δ K (r) and Δ K (r). Because only the "Kekulé mode" g = 1 couples with electrons in the vicinity of the K and K' points, we shall consider this mode only and suppress the mode index g in the following. By the K phonon, we shall mean the mode g = 1.
Zone-Center Phonon
For comparison, we shall give a brief review on long-wavelength phonons near the Γ point. First, we shall consider optical phonons.
be the relative displacement of two sub-lattice atoms A and B, i.e.,
where R denotes a coordinate specifying a unit cell. In the long-wavelength limit R can be replaced by a continuous coordinate r. Then, we have
where ω 0 is the phonon frequency at the Γ point and g denotes the modes (t for transverse and l for longitudinal). Define
with q = |q|. Then, we have
The interaction Hamiltonian becomes
where the vector product for vectors a = (a x , a y ) and
The dimensionless parameter β Γ is the same as β K in the nearest-neighbor tight-binding model, but can be slightly different for β K in a more elaborate model. The long-wavelength acoustic phonons can be described by an elastic continuum model.
1) The interaction is usually dominated by the deformation potential
where g 1 is the deformation potential constant, known to be about 16 eV in bulk graphite 65) and estimated to be 20-30 eV within a two-dimensional free-electron model, 1) and the strain tensor is given by
60) where u ac (r) represents the lattice displacement for the center of mass of two sub-lattice atoms,
In carbon nanotubes, an additional term u ac z /R should be added to u xx due to curvature when the x is chosen in the circumference direction, where u ac z (r) is the out-of-plane distortion and R is the radius given by R = L/2π.
A long-wavelength acoustic phonon gives rise to a small change in the bond length and therefore modifies the band structure. This effect gives a small coupling described by the Hamiltonian and coupling parameter 42, 44) plays important roles due to the presence of a special time-reversal symmetry as will briefly discussed below.
Symmetry Properties
Under the time-reversal operation T , the K and K' points are exchanged corresponding to the complex conjugate wave functions. In the present k·p scheme, the T operation gives
where * denotes the complex conjugate, ψ is an arbitrary phase, and σ z is a Pauli spin matrix.
9,49)
The derivation is given in Appendix of ref. 66 and discussed also in Appendix B. It is straightforward to demonstrate that the Hamiltonian including interaction with acoustic and optical phonons and zone-boundary phonons is invariant under this T operation.
Within each K and K' points, we can define a special time-reversal operation S such that F S = KF * with K = −iσ y , where F is F K or F K . This corresponds to the usual time-reversal operation in the presence of spin-orbit interaction. When intervalley scattering between K and K' points is not important, this S symmetry plays a dominant role and the real time-reversal symmetry T becomes irrelevant. In fact, most potential scatterers including charged centers are characterized by a potential with range larger than the lattice constant. For such scatterers, the same potential appears as the diagonal element of the matrix Hamiltonian and mixing between K and K' points is safely neglected.
When S is operated twice, the wave function changes its sign, i.e., F The deformation potential H 1 given by eq. (2.59) is invariant under the S operation like impurity potential and therefore cannot cause backscattering in graphene. This leads to the absence of backscattering in metallic nanotubes. In semiconducting nanotubes, the scattering between states with the same absolute value of the wave vector in the axis direction is possible, because it does not correspond to exact backscattering in graphene. On the other hand, the interaction Hamiltonians arising from the bond length change, such as H 2 given by eq. (2.62) for acoustic modes and H int given by eq. (2.58) for optical modes, destroy the S symmetry and therefore cause backscattering. The Hamiltonian for the interaction with the zone-boundary phonon causes intervalley mixing, making the S symmetry irrelevant, and therefore causes backscattering. The Hamiltonians (2.52) for zone-boundary phonons and (2.58) for zone-center optical phonons are independent of the chiral angle η within the approximation neglecting the dispersions of phonons. The deformation potential (2.59) is also independent of η. Only the small correction H 2 depends on the chirality of a nanotube. Because of the absence of backscattering for the deformation potential, the resistance in metallic nanotubes is dominated by chirality-dependent H 2 as long as the Fermi level lies in the linear bands. In graphene, semiconducting nanotubes, and metallic nanotubes with the Fermi level in higher bands, the interaction is dominated by chirality-independent H 1 .
In the case of zone-center optical phonons and zoneboundary phonons, no singular property like the absence of backscattering is present and therefore the lowest order Hamiltonian independent of the chirality works sufficiently well. To higher orders in the wave vector, various chirality-dependent corrections can appear in electron-phonon interaction, but are expected to cause only a small modification of the results. Direct higherorder corrections for electronic states, such as trigonal warping, 67, 48) are likely to be much more important than those for the electron-phonon interactions.
§3. Electron-Phonon Scattering in Graphene
In graphene, the states are specified by the band index s = ±1 (s = +1 for the conduction band and −1 for the valence band) and the wave vector k. The wave functions are given by
3)
The corresponding energies are given by
The probability of an electron at the K point being scattered into the K' point by emitting and absorbing a phonon is
where n K is the Planck distribution function for phonon with frequency ω K .
Define the dimensionless coupling parameter λ K as
(3.7)
Forhω K = 161.2 meV and γ 0 = 2.63 eV, this becomes
Then, we havē
The typical scattering strength can be obtained by considering the emission probability at low temperature, i.e.,
For comparison, we shall calculate the scattering probability for optical phonons at the Γ point. The sum of the contributions of the longitudinal and transverse modes gives isotropic scattering probability,
where λ Γ is the dimensionless coupling constant
(3.12)
Forhω Γ = 196 meV, this becomes
The emission probability at low temperatures becomes
The above shows that the scattering by phonons at the K and K' points is stronger than that at the Γ point. At or below room temperatures, the number of excited optical phonons at the Γ point and phonons at the K and K' points are small and therefore the emission process is dominant. Usually, the emission becomes possible when the electron energy exceeds the phonon energy, because otherwise the final states are occupied by electrons at low temperature. This means that the K-phonon scattering is much more dominant than the Γ-phonon scattering in the high-field transport because of the larger coupling constant and the lower phonon energy. §4. Electron-Phonon Scattering in Nanotube
Zone-Boundary Phonon
In nanotubes with chiral vector L = n a a + n b b, the allowed phonon modes should satisfy the periodic boundary conditions:
(4.1) In the way analogous to the case of electrons, 5) they lead to the following boundary conditions for the slowlyvarying part:
2) where ν = 0 and ±1, given by
with integer m. Therefore, the allowed wave vector in the circumference direction becomes discrete,
with j being an integer, but the wave vector in the axis direction q remains continuous. Note that κ −ν (j) = −κ ν (−j). Therefore, the displacement is written as
where N is the total number of unit cells in the nanotube.
Electronic states
The electronic states are specified by the band index s = ±1, the integer n specifying the wave vector in the circumference direction, and wave vector k in the axis direction. The wave functions are written as
where A is the length of the nanotube and
The corresponding energies are
(4.11) Figure 3 shows a schematic illustration of scattering process by emitting and absorbing a phonon. We have the matrix element
Therefore, the scattering probability becomes
After the summation over j and q, we havē
Semiconducting nanotube
First, we consider the case of the lowest conduction band (s = +1, n = 0, and k > 0) in a semiconducting nanotube as illustrated in the right part of Fig. 3 . Except in very thick nanotubes, interband scattering can be safely neglected and we can limit ourselves to the case of s = +1 and n = 0. Then we havē
where ε = ε +,0,k , the summation ± means that over +k ± and −k ± satisfying the energy conservation condition 19) with the energy of the band bottom given by 20) and θ(t) = 1 for t> 0 and θ(t) = 0 for t< 0.
Metallic nanotube
In metallic nanotubes as illustrated in the left part of Fig. 3 , we have
for s = +1 and k > 0, showing that only backward scattering is present. Then, we havē
Note that the result for metallic nanotubes can be obtained from that for semiconducting nanotubes by setting κ = 0 and therefore n(ε)= 1.
Comparison with Zone-Center Phonon
For comparison, we consider the scattering by the Γ optical phonons. We have
independent of the bands and whether the tube is metallic or semiconducting. Therefore, the scattering probability is given bȳ
24) where n(ε) = 1 in the metallic case.
The typical values of the scattering probability for the zone-center phonon (Γ point) and the zone-boundary phonon (K and K' points) are given bȳ 25) where only the backscattering contribution was chosen for the Γ phonon and is dominant for the zone-boundary phonon. The corresponding mean free path becomes
These are written as
The results in metallic nanotubes are in reasonable agreement with those calculated using results of LDA calculations of the band structure and coupling constants if we use appropriate parameters for β Γ ≈ β K .
59) §5. Phonon Self-Energy

Graphene
With the use of eq. (3.5) for k = k, the self-energy of the phonon at the K point becomes
where g s = 2 is the spin degeneracy and Γ is a phenomenological broadening parameter due to disorder. By subtracting the contribution for undoped graphene, we redefine the self-energy as
2) The corresponding expression for the Γ phonon is
3) This shows that the self-energy of the K phonon exhibits the same dependence on the electron concentration 35) except that both coupling parameter and the frequency are replaced by those of the Γ phonons and that the self-energy is multiplied by two.
Nanotube
The self-energy becomes
For the replacements n → −n and n → −n and the exchange of s and s , the above matrix element remains the same and so does δ n ,n+j−ν . Therefore, after exchanging n and n , we have 5) as is expected. In general, the self-energy shift is different from that of longitudinal and transverse phonons at the Γ point in nanotubes.
2)
In metallic nanotubes, we have κ −ν (n) = κ ν (n) = κ(n) ≡ 2πn/L and ε K snk = ε K snk (written as ε snk for simplicity). For the mode j = 0, in particular, the states with s = s do not contribute to the self-energy and therefore we can set F K † s n ,k σ y F K snk 2 = 1. Then, the self-energy becomes exactly the sum of those of the longitudinal and transverse modes at the Γ point except that the coupling parameters and the phonon frequency are replaced by those for the K phonon. This corresponds to the appearance of a factor two in the self-energy of the K phonon in comparison with that of the Γ phonon in graphene shown in the previous section. In fact, for the Γ phonons, the self-energy is given by
, (5.6) where + and − correspond to the transverse and longitudinal modes, respectively, and g v = 2 is the valley degeneracy associated with K and K' points.
2)
The self-energy for mode j = 0 involves interband transitions between n and n+j. In this case, the phonon energy ω K in the denominator can safely be neglected and therefore the self-energy becomes much smaller. The same is applicable to all the modes in semiconducting nanotubes. The self-energy is in general of the same order of magnitude as that of the optical phonons at the Γ point in semiconducting nanotubes with similar diameter. §6. Summary
Zone-boundary phonons at the K point have been described in a valence-force-field model and then converted into a continuum model. Only a mode with the highest frequency corresponding to a Kekulé-type distortion gives rise to inter-valley electron scattering between the K and K' points. An effective Hamiltonian for this interaction has been obtained and used for the estimation of the inter-valley scattering in monolayer graphene and carbon nanotubes. It has been shown that inter-valley scattering by zone-boundary phonons is dominant in the high-field transport because of the larger coupling constant and the lower phonon energy than for zone-center phonons.
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Appendix A: Interaction Hamiltonian
In the following we shall derive the interaction Hamiltonian (2.52). Equation (2.3) can be rewritten as
First, we introduce a smoothing function g(r) which varies smoothly in the range |r| ∼ a and decays rapidly for |r| a. It should satisfy the conditions:
giving
where Ω 0 is the area of a unit cell given by Ω 0 = √ 3a 2 /2. The function g(r−R) can be replaced by a delta function when it is multiplied by a smooth function such as envelopes, i.e.,
We substitute eq. (A1) into eq. (2.1), multiply g(r −R A )a(R A ), and then perform summation over R A , where r = (x , y ) in the x y coordinates. Then, the equation becomes
where F A (R A ) and F B (R A − τ l ) have been replaced by F A (r ) and F B (r − τ l ), respectively, because it is multiplied by g(r −R A ). Noting that
we immediately obtain the left hand side of eq. (A8) as εF A (r). As for the right hand side, we should note first that
This immediately leads to the conclusion that the first term in the right hand side of eq. (A8) vanishes identically. To calculate the second term we first note that
and the final result is 
We substitute eq. (2.35) into the above. Because of the slowly-varying nature, we can set u
where we have replaced r by r. The corresponding contribution for F B (r) can be calculated similarly, and after some rearrangement we get the Hamiltonian (2.52).
Appendix B: Time Reversal Symmetry
In general, under a time-reversal operation, an operator O transforms to
where t O is the transpose of O and U represents a unitary operator.
68) The time-reversal operation for wavefunctions is given by
where C is the operator taking the complex conjugate of the expression following it. When O is a Hermitian operator, the transformation (B1) becomes
where C −1 = C. The Hamiltonian should satisfy H T = H in the presence of the symmetry. For the Hamiltonian (2.4), there exist two distinct operations leading to this symmetry. One is the real time-reversal operation
and another is the special time-reversal operation
There exists a crucial difference between T and S for double operation: T 2 = 1 and S 2 = −1. The real time-reversal operation corresponds to T . On the other hand, the special time-reversal operation, S, transforms the electron with the wave vector k to that with −k in the same valley so that the operation is closed within each valley. Therefore, S essentially works for a time-reversed operation for electron motion when the valley index can be omitted, or there is no inter-valley scattering. The invariance under the operation of S adds a new symmetry to the system. The system invariant under S belongs to the symplectic universality class. The deformation potential (2.59) for acoustic phonons is invariant under S, while the higher-order term (2.62) and the interaction Hamiltonian (2.58) for optical phonons change the symmetry into unitary. On the other hand, the interaction with zone-boundary phonons makes the S symmetry irrelevant. As a result, the system has the trivial T symmetry, belonging to the usual orthogonal universality class. This symmetry crossover gives rise to unique transport properties in graphene and carbon nanotubes. 
